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BI-LIPSCHITZ GEOMETRY OF CONTACT ORBITS IN
THE BOUNDARY OF THE NICE DIMENSIONS
MARIA APARECIDA SOARES RUAS & SAURABH TRIVEDI
Abstract. Mather proved that the smooth stability of smooth maps
between manifolds is a generic condition if and only if the pair of dimen-
sions of the manifolds are ’nice dimensions’ while topologically stability
is a generic condition in any pair of dimensions. And, by a result of du
Plessis and Wall C1-stability is also a generic condition precisely in the
nice dimensions. We address the question of bi-Lipschitz stability in this
article. We prove that the Thom-Mather stratification is bi-Lipschitz
contact invariant in the boundary of the nice dimensions. This is done
in two steps: first we explicitly write the contact unimodular strata in
every pair of dimensions lying in the boundary of the nice dimensions
and second we construct bi-Lipschitz vector fields whose flow provide
the bi-Lipschitz contact trivialization in each of the cases.
1. Introduction
We know from Mather [11] that given a pair of positive integers (n, p),
there exists a smallest Zariski closed K k-invariant set πk(n, p) in the set
Jk(n, p) of k-jets of smooth mappings from (Rn, 0) to (Rp, 0) such that the
complement of πk(n, p) in Jk(n, p) is the union of only finitely many K k-
orbits.
The set πk(n, p), let’s say the bad set, is in fact the set of k-jets in Jk(n, p)
of ‘modality’ greater than or equal to 1. The codimension of πk(n, p) in
Jk(n, p) decreases as k increases. We know that there exists a k big enough
for which the codimension of the bad set attains its minimum. For this k
the codimension of the bad set π(n, p) is denoted by σ(n, p). Mather [12]
calculated the number σ(n, p) and the results he obtained are as follows:
Case 1: n ≤ p
σ(n, p) =


6(p − n) + 8, if p− n ≥ 4 and n ≥ 4
6(p − n) + 9, if 3 ≥ p− n ≥ 0 and n ≥ 4 or if n = 3
7(p − n) + 10, if n = 2
∞, if n = 1
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Case 2: n > p
σ(n, p) =


9, if n = p+ 1
8, if n = p+ 2
n− p+ 7, if n ≥ p+ 3
Suppose k has the property that the bad set has codimension σ(n, p). The
complement of the bad set in Jk(n, p) is also a K k-invariant set and the
orbits lying in this set are called the K -simple orbits. More is known about
the complement of the bad set π(n, p) in Jk(n, p). It is not only the union of
finitely many K k-orbits but also these K k-orbits are disjoint submanifolds
of Jk(n, p). Thus, these finitely many K k-orbits stratify the complement of
the bad set. In fact, the stratification thus obtained is smoothly trivial.
Mather [11] proved that the number σ(n, p) is greater than n if and only
if the set of proper smoothly stable mappings between any smooth man-
ifolds N and P of dimensions n and p respectively is dense in the space
C∞pr (N,P ) of all proper smooth mappings between N and P with Whitney
strong topology. The pairs of integers (n, p) for which σ(n, p) > n are called
the nice dimensions. And, we say that the pairs of integers (n, p) are in the
boundary of nice dimensions if σ(n, p) = n. Later, Mather [13, 14] proved
that the proper topologically stable maps between N and P are dense in the
set of proper smooth maps with the Whitney strong topology without any
restrictions on the dimensions on N and P . This result is called the topolog-
ical stability theorem and is perhaps one of the deepest results in singularity
theory. A detailed exposition and much more about the stratifications of jet
spaces can be found in the book of du Plessis and Wall, [5].
Much later du Plessis and Wall [6] proved that outside the nice dimensions
(σ(n, p) ≤ n) the set of proper smooth mappings between any manifolds N
and P of dimensions n and p respectively contains a strongly open set of non
C1-stable maps. Since proper smoothly stable maps in the nice dimensions
are dense, this implies that σ(n, p) > n is a necessary and sufficient condition
for proper C1-stable maps to be dense.
It is natural to ask whether the set of proper Lipschitz stable maps are
dense in the set of all maps between two smooth manifolds N and P with the
Whitney strong topology outside the nice dimensions. We conjecture that
in the boundary of the nice dimensions such a result is true. In this article
we propose a line of attack to this conjecture. Namely, we describe explicitly
the Thom-Mather stratification in the boundary of the nice dimensions. The
strata of the stratification are the K k-orbits of smooth simple jets with a
distinguished stratum made of jets of codimension equal to the dimension of
the source that have smooth K -modality 1. We describe this distinguished
stratum in every pair (n, p) in the boundary of the nice dimension and
show that it is bi-Lipschitz K k-invariant. Since the simple K k-orbits are
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already bi-Lipschitz invariant, this shows that every stratum and so the
Thom-Mather stratification is bi-Lipschitz K k-invariant.
2. Thom-Mather stratification in the boundary of the nice
dimensions
In the proof of the topological stability theorem Mather [13, 14] showed
that for any pair of integers (n, p) and for a large k there exists a set S ⊂
Jk(n, p) with the following properties:
1. S has codimension greater than n.
2. There is a stratification of Jk(n, p)− S.
The stratification of Jk(n, p) − S is called the Thom-Mather stratification.
It is then shown that any proper map whose k-jet extension is transverse
to the Whitney stratification of Jk(n, p) − S and avoids S is topologically
stable. The topological stability theorem follows from the fact that such
proper transverse maps are dense in the set of all proper maps. This last
fact is proved using Thom’s second isotopy lemma.
In the nice dimensions this set S can be taken to be the bad set π(n, p) and
its complement can be stratified by K k-orbits. Outside the nice dimensions
it is difficult to say much about the set S due to the nature of its construction
but in the boundary of the nice dimensions we do have an explicit description
of the set S and the strata of the complement of S in Jk(n, p). To describe
S we first recall the K -codimension of a germ f : (Rn, 0) → (Rp, 0). The
notations are by now standard in Singularity theory. Denote by En the local
ring of germs of smooth functions on Rn and mn its maximal ideal. Denote
by θ(f) the set of germs of vector fields along f , it can be identified with a
module of rank p over En. Denote by θ(n) the set of vector fields along the
identity map germ id : (Rn, 0) → (Rn, 0).
Then the K -tangent space of f is defined to be the module TK (f) =
tf(mnθ(n)) + f
∗(mp)θ(f), where tf(mnθ(f)) is the Jacobian module of f
and f∗(mp) is the ideal of En generated by the components of f . Then,
the K -codimension of f is defined to be the R-vector space dimension of
θ(f)/TK (f). Given a germ f : (Rn, 0) → (Rp, 0), the K -codimension is
equal to the K k-codimension of the k-jet of f under the canonical action of
contact group on Jk(n, p) for k large enough.
We also need the notion of modularity∗. Let z ∈ Jk(n, p), denote by
K ∗(z) the union of all K k-orbits of codimension equal to the codimension of
z in Jk(n, p). The set K ∗(z) in Jk(n, p) is a Zariski closed subset. Suppose
K∗(z) is the connected component of K
∗(z) in which z lies. Then, we say
that z ∈ Jk(n, p) is r-modular if:
codK∗(z) = codK
k.z − r.
∗Modularity can be defined for any group R,L ,A ,C ,K , in this article by modularity
we mean for group K .
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We can say that 1-modular jets are unimodular, 2-modular jets are bimod-
ular and so on. Also, if the union of unimodular jets is a submanifold of
Jk(n, p), which it will be in our case, we call this union a unimodular stra-
tum.
We know that the bad set π(n, p) consists of the jets of modularity greater
than or equal to 1. We take the unimodular strata from the bad set and
add them to its complement in Jk(n, p). Since in the boundary of the nice
dimensions these are only strata of codimension n, the rest of the bad set,
let’s say π˜(n, k), will have codimension greater than n and in this case S
can be taken to be precisely this set π˜(n, k). We stratify Jk(n, p) − π˜(n, k)
by taking strata as the K k-orbits of the stable maps and the unimodular
strata. Let us call this stratification Σbnd (bnd for boundary of the nice
dimensions).
In the global setting we have the following situation. Let N and P be
two smooth manifolds of dimensions n and p respectively and denote by
Jk(N,P ) the k-jet bundle over N × P (with fibers Jk(n, p)). Denote by
π˜(N,P ) the subbundle of Jk(N,P ) with fibers π˜(n, p). Then, clearly the
codimension of Jk(N,P )\π˜(N,P ) in Jk(N,P ) is equal to the codimension of
π˜(n, p) in Jk(n, p). Moreover the stratification Σbnd induces a stratification
on Jk(N,P ) \ π˜(N,P ), we call this Σbnd(N,P ).
3. Whitney (a)-regularity of Σbnd
It is known that the Thom-Mather stratification is Whitney (b)-regular.
The proof of this is very complicated and occupies bulk of the last chapter
in Gibson et al. [10]. We give an easy proof that the constructed strati-
fication Σbnd of J
k(n, p) − π˜(n, p) in the boundary of the nice dimensions
is Whitney (a)-regular∗. For this we invoke a theorem of Trotman [17]
which characterizes Whitney (a)-regular stratifications as those for which
the maps transverse to the stratification forms an open set in the Whitney
strong topology.
Let N and P be smooth manifolds of dimension n and p respectively such
that (n, p) lies in the boundary of nice dimensions. Let N be a compact
manifold. Denote by Jk(N,P ), for k large enough, the k-jet bundle of
smooth maps between N and P and by Π˜(N,P ) the subbundle of Jk(N,P )
with fiber π˜(n, p). Denote by Σbnd(N,P ) the stratification of the subset of
Jk(N,P ) induced by Σbnd ⊂ J
k(n, p). We will show that:
Theorem 3.1. The set of maps f : N → P such that jkf(N)∩ Π˜(n, p) = ∅
and is transverse to the strata of Σbnd(N,P ) is open in the strong topology
on the set of smooth maps between N and P .
For this we need the following lemmas:
∗Although the result is weaker than the known result (Whitney (b)-regularity), the idea
of the proof can have other applications.
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Lemma 3.2. Let X and Y be smooth manifolds, W ⊂ Y a submanifold and
f : X → Y . Let p ∈ X and f(p) ∈ W . If there is a neighbourhood U of
f(p) in Y and a submersion φ : U → Rk (k is the codimension of W ) such
that W ∩ U = φ−1(0) then f is transverse to W at p if and only if φ ◦ f is
a submersion at p.
And, if codimension of W is equal to the dimension of X, one has:
Lemma 3.3. (A). Let X and Y be smooth manifolds with W a submanifold
of Y . Assume that the dimension of X is equal to the codimension of W .
Let p be in X and let f : X → Y be smooth. Assume that f(p) is in W
and f is transverse to W at p. Then, there exist a neighbourhood N of
f ∈ C∞(X,Y ) and an open neighbourhood U of p in X such that for all g
in N , g−1(W ) ∩ U consists of one point q and g is transverse to W at q.
(B). Assume X is compact. Let f : X → Y is transverse to W . Then,
there is an open neighbourhood N of f in C∞(X,Y ) such that the number
of points in f−1(W ) is equal to the number of points in g−1(W ) for any g
in N .
Proof of Theorem 3.1. Let Uf be an open neighbourhood of f in C
∞(N,P )
such that jkg(N) ∩ Π˜k(N,P ) = ∅ (this is only a C0-condition on the set of
maps h : N → Jk(N,P ), since πk is closed). (1)
Applying Lemma 3.3 to C∞(N,Jk(N,P )) where W is the unimodular
stratum which has codimension n, one can find a nbhd Vf of f such that for
any g ∈ Vf , j
kg is transverse to W , and jkg−1(W ) has the same number of
points as (jkf)−1(W ).
Now we observe that if A = {x1, . . . , xs} ∈ N is the set j
kf−1(W ) and
B = f(A) then f−1(B) is a disjoint union of compact manifolds of codi-
mension p (in case n ≥ p) or a finite number of points (in case n < p),
and f : N − f−1(B) → P − B is clearly proper and infinitesimally stable,
hence stable. But, since the restriction f → f |N−f−1(B) is not a continuous
mapping in C∞-Whitney topology we cannot in general lift an open set in
in C∞(N − f−1(B), P −B) to an open set in C∞(N,P ).
One may use however, the following lemma:
Lemma 3.4. Let f be transverse to all strata of Σkbnd(N,P ) and let K be
a compact subset of P , K ∩ B = ∅, then the set Σk of g ∈ C
∞(N,P ) with
g|f−1K transverse to all strata of Σ
k
bnd(N,P ) is a neighbourhood of f in
C∞(N,P ).
(the proof of Lemma 4.3 - page 147 of Gibson et al. [10] works for these
hypothesis)
Now, we can choose a pair Vi ⊂ Wi of a locally finite covering of P − B
by relatively compact open subsets for which Vi ⊂Wi for all i ∈ I.
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The set ω of g ∈ C∞(N,P ) satisfying (1) and g(f−1(Vi)) ⊂ Wi for all
i ∈ I is open.
By the above lemma, ∩i∈I ΩVi is a nbhd of f , therefore Ω∩(∩i∈IΩVi)∩Uf
gives the result. 
Corollary 3.5. The stratification Σbnd is a Whitney (a)-regular stratifica-
tion of Jk(n, p)− π˜(n, p).
Proof. We know by the above theorem that the set of maps transverse to
the strata of Σbnd(N,P ), which is the stratified subbundle of J
k(N,P ) with
stratified fibers Σbnd, is open in the Whitney strong topology. Thus, by
the main theorem in Trotman [17], Σbnd(N,P ) is Whitney (a)-regular. This
implies that Σbnd is also Whitney (a)-regular. 
4. Unimodular stratum
In this section we describe in different cases the unimodular strata in the
boundary of the nice dimensions. Using the calculations of σ(n, p) as given
in the introduction we list all the pairs (n, p) such that σ(n, p) = n.
For n ≤ p, we have the following pairs in the boundary of the nice dimen-
sions:
(1) The case σ(n, p) = 6(p−n)+9 for 3 ≥ p−n ≥ 0 and n ≥ 4 or n = 3,
gives (n, p) ∈ {(9, 9), (15, 16), (21, 23), (27, 30)}.
(2) The case σ(n, p) = 6(p − n) + 8 for p − n ≥ 4 and n ≥ 4, gives
(n, p) ∈ {(6t+ 2, 7t+ 1) : t ≥ 5}.
For n > p, we have the following pairs in the boundary of the nice dimen-
sions:
(1) The case σ(n, p) = 9 for n = p+ 1, gives (n, p) = (9, 8).
(2) The case σ(n, p) = 8 for n = p+ 2, gives (n, p) = (8, 6).
(3) The case σ(n, p) = n−p+7 for n ≥ p+3 gives (n, p) ∈ {(10+k, 7) :
k ≥ 0}.
The strategy to find unimodular strata is as follows. Recall that if
F : (Rn, 0) → (Rp, 0) is an r-parameter unfolding of a rank 0 germ f :
(Rn−r, 0) → (Rp−r, 0), then F is K -equivalent to a suspension of f and
in this case the K -codimension of F and f are the same; see Section 4
of Chapter 4 in Gibson [9]. Thus if we can find a unimodular germ g in
Jk(n − r, p − r) (for a large enough k), then the unimodular stratum in
Jk(n, p) will be given by a r-parameter unfolding of g.
In fact in pair of dimensions lying in the boundary of the nice dimensions
we may construct unfoldings of negative weights that are C0-stable to get
the unimodular stratum. Notice that the normal forms of these C0-stable
unfoldings are precisely those smooth K -unimodular maps that are trans-
verse to our stratification Σbnd; see for example Damon [3, 4] or du Plessis
BI-LIPSCHITZ GEOMETRY OF CONTACT ORBITS 7
and Wall [5]. Using this idea we list in different cases the unimodular strata
as unfoldings of unimodular germs in lower dimensions.
4.1. Case 1: (n ≤ p).
4.1.1. (n, p) = (9, 9). Consider the following one parameter family of germs
fλ : (R
3, 0)→ (R3, 0) given by
fλ(x, y, z) = (x
2 + λyz, y2 + λzx, z2 + λxy). (⋆)
By calculation of the K -tangent space of fλ we find that except for λ 6=
0,−8, 1, each fλ has K -codimension 10. Then, the K
k-orbit of the k-jet of
fλ in J
k(3, 3)) for large enough k also has codimension 10 in Jk(3, 3) and
the union of orbits of fλ, parametrized by λ, will have codimension 9. In
fact, this stratum is a Zariski open set of the Thom-Boardman variety Σ3,0.
Thus it is clear that the k-jets fλ forms a unimodular stratum in J
k(3, 3). In
fact, this is the only unimodular stratum of codimension 9; see Wall [18, 20].
Now, we consider the following unfolding Fλ of fλ. The unfolding Fλ :
R
9 → R9 (λ 6= 0,−8, 1), which is a one-parameter family of maps, is given
by:
Fλ(u1, . . . , u6, x, y, z) = (u1, . . . , u6, u, v, w)
where
u = x2 + λyz + u1y + u2z
v = y2 + λzx+ u3x+ u4z
w = z2 + λxy + u5x+ u6z
4.1.2. (n, p) = (15, 16). The unimodular stratum is related to that in the
previous case in the following way. A result of Serre and Berger as presented
in Proposition 2 of Eisenbud [7] says that:
Lemma 4.1. If f : (Rn, 0) → (Rn, 0) is a germ, then the algebra Q(f) =
En/I(f) (where I(f) is the ideal generated by the components of f) has a
unique minimal non-zero ideal. This ideal is given by the residue class of
the ideal generated by the Jacobian J(f) of f in En.
Minimality implies that the residue class of J2(f) in Q(f) is 0. Consider
the germ f1λ : (R
3, 0)→ (R4, 0) given by
f1λ(x, y, z) = (fλ(x, y, z), xyz)
where fλ is the map (⋆) from the previous case. Now, observe that:
K -cod(f1λ) = K -cod(fλ) + C -cod(fλ)− 2 = 16
where C -cod(fλ) = dim
θ(fλ)
I(fλ)θ(fλ)
.
The unimodular stratum is a 12-parameter unfolding of the f1λ.
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4.1.3. (n, p) = (21, 23). In this case the unimodular germ is an unfolding
of the germ f2λ : (R
3, 0)→ (R5, 0) given by f2λ(x, y, z) = (f1λ(x, y, z), 0).
4.1.4. (n, p) = (27, 30). In this case the unimodular germ is an unfolding
of the germ f3λ : (R
3, 0)→ (R6, 0) given by f3λ(x, y, z) = (f2λ(x, y, z), 0).
Remark 4.2. Notice in general that:
K -cod(fiλ) = K -cod(fλ) + (p − n)(dimRQ(fλ)− 2)
4.1.5. (n, p) = (6t + 2, 7t + 1) for t ≥ 5. The unimodular stratum is the
unfoldings of f0 : (R
4, 0)→ (R8, 0) given by:
f(x, y, z, w) = (u1, . . . , u8)
where
u1 = x
2 + y2 + z2
u2 = y
2 + λz2 + w2
u3 = xy
u4 = xz
u5 = xw
u6 = yz
u7 = yw
u8 = zw
4.2. Case 2: n > p.
4.2.1. (n, p) = (8, 6). The smallest (n, p) with n > p in the boundary of
the nice dimensions is (8, 6). The unimodular stratum is given by the fol-
lowing one-parameter family of maps Fλ : R
8 → R6:
Fλ(u1, . . . , u4, x, y, z, w) = (u1, . . . , u4, v, w)
where
v = x2 + y2 + z2 + u1y + u2w
w = y2 + λz2 + w2 + u3x+ u4z
4.2.2. (n, p) = (10 + k, 7) for k ≥ 0. For these dimensions we have to
consider fλ : (R
9+k, 0) → (R7, 0) given by Fλ(u1, . . . , u6, w1, . . . , wk, x, y, z) =
(u1, . . . , u6, v), where
v =
k∑
i=0
w2i + x
3 + y3 + z3 + λxyz + u1x+ u2y + u3z + u4x
2 + u5y
2 + u6z
2
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4.2.3. (n, p) = (9, 8). In this pair of dimensions the K -unimodular stra-
tum is given by the one parameter family F : (R2×R, 0)→ (R, 0) defined by
F (x, y, λ) = x4+y4+λx2y2. It is easy to check that this is a K -codimension
10 family of germs and thus forms a stratum of codimension 9.
5. Bi-Lipschitz C and K -triviality of deformations
A bi-Lipschitz K -equivalence of r-parameter deformations is a pair (H,K)
of bi-Lipschitz germs H : (Rr × Rn, 0) → (Rr × Rn, 0) and K : (Rr × Rn ×
R
p, 0) → (Rr × Rn × Rp, 0) with H an r-parameter unfolding at 0 of germ
of the identity map of Rn such that the following diagram commutes.
(Rr × Rn, 0)
i // (Rr × Rn × Rp, 0)
pi // (Rr × Rn, 0)
(Rr × Rn, 0)
H
OO
i // (Rr × Rn × Rp, 0)
K
OO
pi // (Rr × Rn, 0)
H
OO
Here i is the canonical inclusion and π is the canonical projection. Two
r-parameter deformations Φ and Ψ of f are bi-Lipschitz K -equivalent if
there exist a bi-Lipschitz K -equivalence (H,K) as above such that:
K ◦ (id,Φ) = (id,Ψ) ◦H.
If (H,K) has the special property that H is the germ at 0 of the identity
mapping on Rm, then (H,K) is said to be a C -equivalence and in that case
Φ and Ψ are said to be C -equivalent deformations.
An r-parameter deformation Φ of a germ f : (Rm, 0) → (Rp, 0) is said to
be bi-Lipschitz K -trivial (resp. bi-Lipschitz C -trivial) if it is bi-Lipschitz
K -equivalent (resp. bi-Lipschitz C -equivalent) to the deformation Ψ : (Rr×
R
m, 0)→ (Rp, 0) given by Ψ(u, x) = f(x).
It is easy to prove that if f, g : (Rn, 0) → (Rp, 0) are two germs of smooth
mappings such that there exist an invertible (p×p)-matrix (uij) with entries
germ of Lipschitz functions on (Rn, 0) for which
fi =
∑
j
uijgj for 1 ≤ i ≤ p,
then f and g are bi-Lipschitz C -equivalent. In fact, this can be proved by
slighly modifying the argument in the smooth case (see 2.1 in Chapter V
of Gibson [9]) and using the fact that a map is Lipschitz if and only if its
components are Lipschitz.
A sufficient condition for bi-Lipschitz C -triviality is the following Thom-
Levine type lemma which follows from the fact that the integration of a
Lipschitz vector field gives a bi-Lipschitz flow:
Lemma 5.1. Let F : (Rn×R, 0)→ (Rp, 0) be a one-parameter deformation
of f : (Rn, 0) → (Rp, 0). If there exists a (p×p)-matrix (aij) (not necessarily
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invertible) with entries germs of Lipschitz functions on (Rn×R, 0) such that


∂F1
∂λ
...
∂Fp
∂λ

 =


a11 . . . a1p
...
. . .
...
ap1 . . . app




F1
...
Fp

 , (†)
then F is a bi-Lipschitz C -trivial deformation.
In fact, if the condition † holds, then the bi-Lipschitz C -trivialization is
given by integrating the following vector field:
X(x, y, λ) =
∂
∂λ
+
p∑
i=1
Xi(x, y, λ)
∂
∂yi
,
where Xi(x, y, λ) =
∑p
j=1 aijyj and xi and yj are coordinates on R
n and Rp
respectively.
The converse of the above lemma, i.e. if bi-Lipschitz triviality of a defor-
mation implies the existence a matrix of Lipschitz functions such that the
condition (†) holds, seems to be not known. It is therefore reasonable to say
that a one-parameter deformation is strongly bi-Lipschitz C -trivial if there
exists a (p×p)-matrix (not necessarily invertible) of Lipschitz functions such
that the condition (†) is true.
The Thom-Levine criterion for the bi-Lipschitz K -triviality is slighly
more involved. First notice that the definition of the bi-Lipschitz trivial-
ity of a one-parameter deformation F (x, t) = (F1, . . . , Fp) : (R
n × R, 0) →
(Rp, 0) of f : (Rn, 0) → (Rp, 0) amounts to saying that there exists a bi-
Lipschitz one-parameter unfolding (of the germ of the identity map on Rn)
H : (Rn × R, 0)→ (Rn ×R, 0) and an invertible (p× p)-matrix bij of germs
of Lipschitz functions on Rn × R such that:

f1
...
fp

 =


b11 . . . b1p
...
. . .
...
bp1 . . . bpp




F1 ◦H
...
Fp ◦H


Then, we claim that:
Lemma 5.2. Let F : (Rn×R, 0)→ (Rp, 0) be a one-parameter deformation
of f : (Rn, 0) → (Rp, 0). If there exists a (p×p)-matrix (aij) (not necessarily
invertible) with entries germs of Lipschitz functions on (Rn × R, 0) and a
germ of a Lipschitz vector field X of the form
X =
∂
∂t
+
n∑
i=1
Xi(x, t)
∂
∂xi
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with Xi(x, 0) = 0 such that

X.F1
...
X.Fp

 =


a11 . . . a1p
...
. . .
...
ap1 . . . app




F1
...
Fp

 , (‡)
Then, F is bi-Lipschitz K -trivial deformation.
The proof follows from the fact the integration of a Lipschitz vector fields
gives a bi-Lipschitz flow. In fact, the bi-Lipschitz trivialization in the source
is given by integrating the vector field X and that in the product is given
by the integration of
W (x, y, t) =
∂
∂t
+
p∑
i=1
Wi(x, y, t)
∂
∂yi
,
where Wi(x, y, t) =
∑p
j=1 aijyj. The converse of the above lemma is not
known and so we say that a one-parameter deformation is strongly bi-
Lipschitz K -trivial if there exists a (p× p)-matrix (not necessarlity invert-
ible) of Lipschitz functions and a vector field X such that the condition (‡)
holds.
6. Bi-Lipschitz K -triviality of unimodular strata
The aim of this section is to show that the unimodular strata given as
one parameter deformations of unfoldings of certain germs in the Section
4 are bi-Lipschitz K -trivial. We consider the two cases n ≤ p and n > p
separately.
To prove that the unimodular stratum in the boundary of the nice dimen-
sions is bi-Lipschitz K -trivial we show in different cases that the deforma-
tion that defines the unimodular stratum is strongly bi-Lipschitz C -trivial.
Actually if a unimodular stratum in the dimensions (n, p) is given by the
unfolding of a map f : (Rn−r × R, 0) → (Rp−r, 0) then the bi-Lipschitz
triviality of the stratum follows from that of f . This can be seen as follows:
Let F : (Rn×Rr, 0) → (Rp×Rr, 0) be an unfolding of a germ f : (Rn, 0)→
(Rp, 0). Then we know that F is K -equivalent to a suspension of f . Now, if
f˜ : (Rn × R, 0) → (Rp, 0) is a bi-Lipschitz K -trivial deformation of f , then
for any λ, λ′ ∈ R, fλ is bi-Lipschitz K -equivalent to fλ′ . But then, fλ × id
will bi-Lipschitz K -equivalent, to fλ′ × id (here id is the germ of identity
on Rr). This implies Fλ is bi-Lipschitz K -equivalent to Fλ′ , that is F (·, λ)
is bi-Lipschitz K -trivial.
In what follows we denote by En the ring of germs of smooth functions on
(Rn−1 ×R, 0) and its maximal ideal by mn. We now show in different cases
that the unimodular stratum is bi-Lipschitz C -trivial.
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6.1. The case n ≤ p. . In this case the finite K -determinacy implies
finite C -determinacy since our maps are finite maps, i.e. the R-vector space
dimension of the algebra Q(f) = En/I(f)
∗ is finite; see Wall [19]. Thus it is
enough to show that our deformations are bi-Lipschitz C -trivial.
First is the equidimensional case (9, 9). In this case the unimodular stra-
tum is the unfolding of fλ(x, y, z) = (x
2+λyz, y2+λzx, z2+λxy). We show
that:
Lemma 6.1. The one parameter family of germs F : (R3 ×R, 0) → (R3, 0)
given by
F (x, y, z, λ) = (x2 + λyz, y2 + λzx, z2 + λxy)
is strongly bi-Lipschitz C -trivial.
Proof. Let I be the ideal of E4 generated by the components F1, F2, F3 of
F , i.e.
I = 〈x2 + λyz, y2 + λxz + z2 + λxy〉.
Since Fλ is a one-parameter deformation of a homogeneous polynomial of
degree 2. We can prove that m43E4 ⊂ I. In fact, I.m
2
3E4 = m
4
3E4.
Now, consider the following control function ρ(x, y, z, λ) =
√
F 21 + F
2
2 + F
2
3 .
Since Fλ = F (x, y, z, λ) is finitely C -determined for all but finitely many λ,
there exist constants c and c′ such that
c′||(x, y, z)||2 ≤ ρ(x, y, z, t) ≤ c.||(x, y, z)||2, (1)
this is proved in Ruas [15].
Since ρ2 is of degree 4 and ∂F
∂λ
is of degree 2 there exists a (3× 3)-matrix
aij with entries in m
4
3E4 such that,
ρ2(x, y, z, λ)

 ∂F1∂λ∂F2
∂λ
∂F3
∂λ

 =

a11 a12 a13a21 a22 a23
a31 a32 a33



F1F2
F3

 , (2)
Now consider the germ of the vector field V on (R3×R3×R) at 0 defined
by:
V =
∂
∂λ
+
1
ρ2


3∑
j=1
a1jYj
∂
∂Y1
+
3∑
j=1
a2jYj
∂
∂Y2
+
3∑
j=1
a3jYj
∂
∂Y3


where (Y1, Y2, Y3) = Y are coordinates on the target.
We show that there exist a germ of a Lipschitz vector field V ′, which
coincides on a conical neighbourhood of the graph of F , whose integration
will give the required bi-Lipschitz C -trivialization of F . First notice that
since aij and ρ
2 are both of degree 4 and ρ2 is a control function also of degree
4,
aijYj
ρ2
is continuous for any i, j. However, the derivative with respect to x
∗Here I(f) is the ideal generated by the components of f .
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of
aijYj
ρ2
is Yj(
ρ2∂xaij−2ρaij∂xρ
ρ4
) that can’t be bounded because the numerator
of
ρ2∂xaij−2ρaij∂xρ
ρ4
is of degree degree 7 while the denominator is of degree
8. We modify V as follows:
Let D1 = {|Y | ≤ C1|(x, y, z, t)|} and D2 = {|Y | ≥ C2|(x, y, z, t)|} be
cones in (R3×R)×R3) with C1 < C2 and consider the function defined by:
p((x, y, z, t, Y )) =
{
1 if (x, y, z, t, Y ) ∈ D1
0 if (x, y, z, t, Y ) ∈ D2
and 0 < p(x, y, z, t, Y ) < 1 if C1|(x, y, z, t)| < |Y | < C2|(x, y, z, t)|, such that
the derivative of p(x, y, z, t)Y with respect to any coordinate is bounded by
a real number K. Now, consider the vector field V ′ = p(x, y, z, t, Y ) × V .
Then, V ′ coincides with V on D1. Notice that the derivative of components
of V ′ with respect to Y1, Y2 and Y3 are bounded. By the construction of
p, it is also clear that the derivative of components of V ′ with respect to
(x, y, z) are also bounded on the neighbourhood D1. Thus, V
′ is a germ of
a Lipschitz vector field.
Thus, integration of V ′ will give a bi-Lipschitz C -trivialization of F by
the Thom-Levine critierion 5.1. This completes the proof. 
Remark 6.2. The modification of the vector field to get the required bi-
Lipschitz vector field on a conical neighbourhood of the graph of the function
F above is inspired by a similar construction given in Ruas [15] for Ck-
triviality.
We next consider the case (15, 16). Recall from Section 3 that the uni-
modular stratum is the unfolding of a germ whose associated algebra is
given by the ideal of generated by I of Lemma 6.1 and the determinant of
the Jacobian ideal of ⋆. We show that:
Lemma 6.3. The one parameter deformation G : (R3 × R, 0) → (R4, 0)
given by
G(x, y, z, λ) = (x2 + λyz, y2 + λxz, z2 + λxy, xyz)
is strongly bi-Lipschitz C -trivial.
Proof. Write the components of G as G1, G2, G3 and G4 and set F =
(G1, G2, G3) the germ of smooth function from (R
3 ×R, 0)→ (R3, 0). Con-
sider the ideal I generated by G1, G2 and G3. Observe that G4 is the
determinant of the Jacobian J(F ) of F . By the Serre-Berger criterion 4.1,
since the residue class of the square of the Jacobian of G is 0 in Q(F ),
J2(F ) = x2y2z2 ∈ I, i.e. there exist germs c1, c2, c3 such that
c1G1 + c2G2 + c3G3 + J
2(F ) = 0. (3)
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Now, consider the (4× 4)-matrix M given by:
M =


a11 a12 a13 0
a22 a22 a23 0
a31 a32 a33 0
c1 c2 c3 J(F )


where aij are entries of the (3× 3)-matrix in Equation 2 of Lemma 6.1. We
put ρ =
√
G21 +G
2
2 +G
2
3 and calculate ρ
2∇G. By Equation 2 and 3, we
have:
ρ2(x, y, z, λ)


∂G1
∂λ
∂G2
∂λ
∂G3
∂λ
∂G4
∂λ

 =M.


G1
G2
G3
J(F )

 , (4)
Then, modifying ρ by multiplying with a map using a bump function as in
previous Lemma we can show that there exists a Lipschitz vector field with
the required properties. By the Thom-Levine criterion 5.1 it follows that G
is strongly bi-Lipschitz C -trivial. 
The cases (21, 23) and (27, 30) follow similarly as the algebra of unimod-
ular germs in this case coincides with the case (15, 16).
The last case is σ(n, p) = 6(p − n) + 8 for p − n ≥ 4 and n ≥ 4 gives
(n, p) ∈ {(6t+ 2, 7t + 1) : t ≥ 5}. We show that
Lemma 6.4. The one-parameter deformation F : (R4 × R, 0) → (R8, 0)
given by:
F (x, y, z, w, λ) = (x2 + y2 + z2, y2 + λz2 + w2, xy, xz, xw, yz, yw, zw)
is strong bi-Lipschitz C -trivial.
Proof. Let I be the ideal of E5 generated by the components F1, . . . , F8 of
F , i.e.
I = 〈x2 + y2 + z2, y2 + λz2 + w2, xy, xz, xw, yz, yw, zw〉
Since Fλ is a homogeneous polynomial of degree 2 for each λ, we can prove
that m44E5 ⊂ I. In fact, I.m
2
4E5 = m
4
4E5. Then we can follow the proof of
Lemma 6.1 to show that there exists a control function ρ : (R4×R)→ (R, 0)
and an (8× 8)-matrix (aij) of Lipschitz function germs on (R
4 × R, 0) such
that: 

∂F1
∂λ
...
∂F8
∂λ

 =


a11 · · · a18
...
. . .
...
a81 · · · a88




F1
...
F8


The Lemma then follows from the Thom-Levine criterion 5.1. 
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6.2. The case n > p. The first pair of dimensions in this case is (8, 6)
and the unimodular stratum is given by an unfolding of the one parameter
deformation F (x, y, z, w, λ) = (x2 + y2 + z2, y2 + λz2 + w2). We show that:
Lemma 6.5. The one parameter family of germs F : (R4 ×R, 0) → (R2, 0)
defined by
F (x, y, z, w, λ) = (x2 + y2 + z2, y2 + λz2 + w2).
is strongly bi-Lipschitz K -trivial.
Proof. Write F = (F1, F2). The Jacobian of F is,
DF =
[
2x 2y 2z 0
0 2y 2λz 2w
]
.
The ideal of E5 generated by 2× 2-minors, say ∆1, . . . ,∆6, of DF is
JF = 〈∆1, . . . ,∆6〉 = 〈xy, λxz, xw, (λ − 1)yz, yw, zw〉.
Since F is a family of finitely K -determined homogeneous polynomials of
degree 2, the K -tangent space of F contains a power of the maximal ideal
m5. In fact, for k ≥ 3 we have:
tF (mk4E5) + F
∗(m2)(m
k−1
4 E5) = m
k+1
4 .E5 (5)
where F ∗(m2) is the ideal generated by F1 and F2 in E5 and tF (m
k
5E5) is the
ideal generated by mkJF . Now consider the control function
ρ(x, y, z, w, λ) = ∆21 + · · · +∆
2 + F 21 + F
2
2 .
Since ρ is of degree 4 and ∂F
∂λ
is of degree 2, by Equation 5 for k = 5, there
exist a (2 × 2)-matrix (Aij) with entries in m
5
4E5 and germs {Xi}
4
i=1 in m
4
5
such that:
ρ(x, y, z, w, λ)
[
∂F1
∂λ
∂F2
∂λ
]
= X.
[
F1
F2
]
+
[
A11 A12
A21 A22
] [
F1
F2
]
(6)
where X = X1
∂
∂x
+X2
∂
∂y
+X3
∂
∂z
+X4
∂
∂w
. Dividing by ρ on both sides of
the Equation 6 and rearranging the terms we get:
(
∂
∂λ
+
X
ρ
).
[
F1
F2
]
=
[
a11 a12
a21 a22
] [
F1
F2
]
(7)
where aij =
Aij
ρ
. Now modifying X and (aij), if necessary, as in previous
lemmas, we can find a Lipschitz vector field Y of the form
∂
∂λ
+ Y1
∂
∂x
+ Y2
∂
∂y
+ Y3
∂
∂z
+ Y4
∂
∂w
and a (2× 2)-matrix (bij) of Lipschitz functions such that:
Y.
[
F1
F2
]
=
[
b11 b12
b21 b22
] [
F1
F2
]
.
The Thom-Levine criterion 5.2 then shows that F is a bi-Lipschitz K -trivial
deformation. This completes the proof. 
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The next case is the pair (9, 8) where the unimodular statum is an unfold-
ing of the one parameter deformation given by F (x, y, λ) = x4+ y4+λx2y2.
We have:
Lemma 6.6. The one parameter family of germs F : (R2 × R, 0) → (R, 0)
defined by
F (x, y, λ) = x4 + y4 + λx2y2
is strongly bi-Lipschitz K -trivial.
Proof. Follows from Fernandes and Ruas [8]. 
Finally, in the last case we have:
Lemma 6.7. The one parameter family of germs F : (R3+k×R, 0)→ (R, 0)
given by
F (w1, . . . , wk, x, y, z, λ) =
k∑
i=0
w2i + x
3 + y3 + z3 + λxyz
is strongly bi-Lipschitz K -trivial.
Proof. Follows from Birbrair et al. [2]. 
We can summarize the results obtained in this section into the following
Theorem:
Theorem 6.8. The Thom-Mather stratification in the boundary of the nice
dimensions is bi-Lipschitz K -invariant stratification.
Remark 6.9. The bi-Lipschitz K -triviality of the unimodular strata in the
boundary of the nice dimensions can also be proved by applying the main
result of Ruas and Valette [16]. Also, For n ≥ p one can use the result of
Saia et al. [1] for bi-Lipschitz C -triviality. Our method provides stronger
results for we explicitly construct the trivializations using the Thom-Levine
criterion.
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